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Directsums
•Commongoalinmnthematios

- Decompose objects into smaller pieces .

ex7)Every integer n = product of
primes

in Buses : Every vector is uniquely expressed as
lmew combo of buses vectors

.

Goat : Oo
"

this forstspaces .



: what would
"

a basis of subj
"

be ?

Det : lot V be an #-us andÉ

Then

1) The (or
,more leading .ly#)

of these 50b¥ is the set

W.tw it - +Wn : = 8W .
+wit - . turn I Wi c-Wi }



EE : let V.
_
Va h supsaces .

Show
1)É is a subspace

2)É is smallest subspace containing
all the subspaces . Vi

( Compare to the result about
spun iv. - w. ) )

- ×-

ExtcrnalD-t-sumoe.fi
.
Let V.

_ .

Vr
.
be vector spaces over IF .

Then the
"external

"

É
, denoted⊕Vr.



is the set×-

Rmk_ : This is a vector space
!

(N
.
,
. . ik) + Cw . - a Wr) = (V. +Uh, _ . , VatWr)

•

Add÷µ:*
• Scalurmult : 4 (v.

,
.ve

,
.

.

,
Va) = (44, - . , 4%1

*÷¥÷÷÷¥¥¥i*⇔
(E) c- 11%112

"

≤ 1123



Rink! We can compute the dimension of

V. ⊕ - ④Va (under the assumption
that these Vi are finite dm) using
the result below

( dm(V,④→④Va)=dimlVi7+dmlWt-tdmlV#



Note: For each i
,
we have an identification

Vi → { (0, . . . ,vi.0,0 ) :vie ≤ Hot - ④th

"

ie
, given vector spaces V._

Va
, we constructed a new

"•""""•isomorphic copy of each Vi inside this vector space
"

"Internal"i



Deti Let U,W be subspaces of V. Then we say
""idEE "

it

1) Utw all

2) UAW :{Ou}

Prof: U ,W subspaces of V. TFAE

(internat) 17 V is the internal direct sum of N
,
W



luniuuness) 2) Every vector roll can be written ! as

v. Ut w for UEU
, we

W

(external 3) The map
M⊕VU V that sends

( u,w) → utw is an isomorphism
Pf) Assume G) . Since V=U+W we already know that

v=u+w for some new
,
WEW . Assume that

v.n' +w' ful u
',w'£M,W . Then Utuu = n' tw

'

Lud so u - u 'aw
'
- w

. Note u -n' e- UAW
w
'
- w c-MAW -808

So u=u
' and w=w

'

I

Atsumi (2) .
Smu any vector veld is of the form



utw this
map Tl

is surjective

Moreover, since v=u+w fu ! u ,w this map IT is injective
.

Moreover , it is lineal
→

Assume (3)
.

.

Since Tl is iso
,
its surjective .

So every
VEV

can be expressed as Ni Titu, w) =utw.IE V=UtW

If e- to eMnw then Tv (2-1--7)=0 →← since Ti injective
!

How to get -0¥ ?

0d:ÉphipÉypee for
W is another subspace W

'

St



ÑK/HW_ : always exist chinensis}
• Note ÉYpu%rc not at all unique

ex) V. 112
'

W -
- span ( l :))

thans%

'a) =ñ+W VW ④ span (7)
= (5) +%)

9-
R

v. w d- spun (f)
i.



somewayofdealmywithth.mu#Recalt-:AnE*R.Him
on a set ✗ (denoted ~ )

is a i st

1) ✗~ ✗ N-✗ c-✗

2) ✗ my ⇒ YNX

3) xny and yvz
=> ✗ NZ

-> we dmetc [ ×] = { yet I ✗my }
✗ In = 81×3 ix. ✗ 3



Then there is always a surjective function

✗¥> ✗In

± →⇔

casewircinterestedinl.atWEV subspace . Define a relation Awan V as

✗ ~wY ⇐ >±
Props: Nw is anEI

Pt) 1) Note Krell ✗ - ✗ =
OEW and so ✗TX



"

3)
HW

What is as a set

= 8 , Ivry }
= Ey I v - y e-WT
= { y I y=v+w fw we W }
= 8v+w 1 we W }

rotating W



Rt : Denote Vw := Vlnw = flu ] IveV7

(say
"

V mud W
"

or

"

V quotient ⇒We call this the
"

quotients
"

Thy : We can make VIW into a vector space such that
the canonical map

Tlwiv→ hw

is a linear transformation
Moreover KW ( Thr ) = -W

Pf) Define [v3 + [w] :-. [v+w] .
Need to check that

this addition does not depend on choice of representative



If Cv] : [v
']
,
Cw] a Cw '] does [vi. w] .- lviw '] ?

It is vtw Nwvtw ! Note Fw - (v 'tw' ) : v -v 'tw -w '

e- W

So this addition is well defined I
Define dcv] = Lou]

. Again, check that this does not

depend on choice d- v. ↓
Note the 0 vector is co]

. in VIW .

(Now , check that under this + and scalar mutt
,)

WW is a vector space

Moreover the map till → VIW

v -> [v3

is lmcw since Tl(v.the) = [v. +Vi] = [vitlvu]



= -1114)tT /Va)
TIGA = Gu] = a Cv]

Note Keita) :{vevl-iiin.com
=

8 vi.V1 v0 }
= { veld Iv -0GW 8
= Ev EV I ✓ c-W } = W



Remwk-HWarninylltw.lt/W
is Not a ↳ of V.

•Hunny!

Hwi: WEV - and W
'

a complimentary
subspace inclusion

then the composite W'ÉV→ÉV1W

is an isomorphism
"ÑÉw

tnpwtiwk : dmcviw) =
- dnnw

-



This construction maybe seems ad-hoc
,
however it is

extremely natural .

Intuition :( 1W
,
Tlw ) is the

"

best possible
" vector space

that sends W to 0
.

thm-iltlniversalpnpwtgvftheqwt.in#WEVsobspaee .

Let Tiv→ 2- be linear and supposeW?T
then 7 !F : VIW -it suuh that

VI> 2-
→↓ "
,

ie T - Fo -11

VIW



A) We define Fiviw - it by
Fcat )= Tcu)

Suppose Cv7=[v ' ] .
we'll show that Fcat )=FCCu'] )

Sme [v7 :[v7 we have that vnvlew

than Tcu - v
' )=0

" => Tcu) =T(v1 )

TN -TCU ' )

isFClvT7-F@vDJAndFislmcoysmeeFCCv.tviN-TlV.tVi)

=TWi ) +Two )

=For,] ) +Fava)
F(Cav])iTloh=oTw)

→Fan !



Consequent
Thy :(1ˢᵗ isomorphism than)

Let T : V → 2- be knew then
there is isomorphism
F : V / Kort ≈ imlt)

Pt) Given Tiv -> 2- than by the thrm alive
,
we get

a well defined mapwell-defined
gyprurwsthrm Fivlkwct) → 2- such that

FCÑ
.
Now lets check this injective .

Assume Flav] ) = 0



However Fccv) ) = Tcu) = O ie ✓ c- Kurt so

Cv] = [0] in VK.it

Cori:{mkY?¥Ei?- arm and tin> 2- linear
.

Then
= Erin + d⇒

Pf) Lot w
' be a complimentary subspace of kert

Than W' ≈ irlkwt tyHW_
dmv = domlkwt) t dim CW

' )



Ñᵈ> = dnmlkert ) tdm / V1 Kirt)

by # ʰ↑ = dmlkert ) + dm ( int )

☒


